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Abstract

The present paper first aims to study the BV-type regularity for viscosity solutions
of the Hamilton-Jacobi equation

w(t, ) + H(Dyu(t,x)) = 0 for all (¢,z) €]0, oo[xR?

with coercive and uniformly directionally convex Hamiltonian H € C'(R?%). More
precisely, we establish a BV bound on the slope of backward characteristics D H (u(t, -))
starting at a positive time ¢t > 0. Relying on the BV bound, we quantify the metric

entropy in Wlloi (R?) for the map S; that associates to every given initial data uy €

Lip (Rd) the corresponding solution S;ug. Finally, a counter example is constructed
to show that both D,u(t,-) and DH(D,u(t,-)) fail to be in BV, for general strictly
convex and coercive H € C2(R?).

Keywords: Hamilton-Jacobi equations, Hopf-Lax semigroup, Kolmogorov entropy, semi-
concave functions, bounded variation

1 Introduction
Consider a first-order Hamilton-Jacobi equation
u(t,z) + H(Dyu(t,z)) = 0 for all (t,z) €]0, co[xR? (1.1)

where u : [0,+00[xR? — RY Dyu = (ugy,...,uz,), and H : R? — R is a Hamilto-
nian. Due to the nonlinear dependence of the characteristic speeds on the gradient of
the solution, in general a classical solution u will develop singularities, and the gradient
Du will become discontinuous in finite time. To cope with this difficulty, the concept of
viscosity solution was introduced by Crandall and Lions in [I0] to guarantee global exis-
tence, uniqueness and stability of the Cauchy problem. Under standard assumptions of
the convexity and the coercivity on Hamiltonian H, generates a Hopf-Lax semigroup
of viscosity solutions (S;);>o : Lip(R?) — Lip(R?). More precisely, for every Lipschitz



initial data ug € Lip(Rd), the corresponding unique viscosity solution of equation (1.1)
with w(0, ) = u(x) is computed by the Hopf-Lax representation formula

x —

u(t,x) = Sy(up)(z) = min {uo(y) +t-L (y)} (1.2)
yeRY t

where L is the Legendre transform of H. In addition, if H is strongly convex, i.e., there

exists a constant A > 0 such that

D?H(p) > X\-1;  forall pe RY,

1
then the map = — u(t,z) — — - ||z||? is concave for every t > 0. In particular, u(t,-) is
2t

almost everywhere twice differentiable and D,u(t,-) has locally bounded total variation.
Moreover, thanks to Helly’s compactness theorem, the map S; : Lip(RY) — Lip(R%)
is compact in Wllo’i(Rd). A natural question arises on how to measure the degree of
compactness of S;. This involves using the concept of metric entropy (or e-entropy),

introduced by Kolmogorov and Tikhomirov in [14]:

Definition 1.1 Let (E,p) be a metric space and K a totally bounded subset of E. For
e >0, let No(K) be the minimal number of sets in a covering of K by subsets of E having
diameter no larger than 2. Then the e-entropy of K is defined as

He(K|E) = logy N (K|E).

In other words, it is the minimum number of bits needed to represent a point in a given
set K in the space E, up to an accuracy € with respect to the metric p.

Such a question stems from a conjecture of Lax in [15] for scalar conservation laws with
uniformly convex fluxes. A complete answer to Lax’s conjecture was provided in [5l [13].
This study was also extended to hyperbolic systems of conservation laws in [7,[8]. Recently,
the first results on the e-entropy for sets of viscosity solutions of were obtained in
[3]. The authors proved that the minimal number of bits needed to represent a viscosity
solution of (1.1)) up to accuracy e with respect to the W1l-distance is of order e~¢ under
the strongly convex condition on Hamiltonian H. A similar result was also proved in [4]
by the same authors, when the Hamiltonian depends on the state variable x. The main
idea is to provide controllability results for Hamilton-Jacobi equations and a compactness
result for a class of semiconcave functions. However, such a gain of BV regularity does
not hold for with general strictly convex Hamiltonian functions and the previous
approach to finding the e-entropy of the solution set in [3, 4] cannot be applied. In this
case, a study of the fine regularity properties of viscosity solutions is still lacking, and
quantitative estimates on the e-entropy of viscosity solution sets are not yet available.

In the present paper, we extend the analysis of the metric entropy for sets of viscosity
solutions to when the Hamiltonian H € C'(R9) is strictly convex, coercive, and in
the form of a uniformly directionally convex function, i.e., for every constant R > 0 it
holds that

DH(p)—DH(q) p—4q

inf 9
p£q€B(0,R) < |DH(p) — DH(q)|" [p — 4 >

= Ag > 0. (1.3)



By the Hopf-Lax representation formula (1.2), it is well-known from [9] that the set of
slopes of backward optimal rays through (¢, z), denoted by

b(t,x):{x;y:u(t,:c):u(y)—kt.L(x;y)}, (1.4)

reduces to a singleton b(t,z) = DH(D,u(t,z)) for almost every (t,z) € R, x R% More-
over, if M is a Lipschitz constant of ug then for all ¢ > 0, b(¢,-) can be viewed as an
element in L°°(R?) with

b(t, ) lpeemey < An = max{[q| : L(q) < Mlgql}. (1.5)

Towards the sharp estimate on the e-entropy of the semigroup S; for all ¢ > 0, we first
establish a BV bound on b(t,-).

Theorem 1.2 Assume that H € C* (Rd) is strictly convex, coercive, and satisfies .
For every t > 0 and uy € Lip(R?) with a Lipschitz constant M, the function b(t,-) has
locally bounded variation, and for every open and bounded set Q C R? of finite perimeter

Vd

o

IDb(t,)[(Q) < 714 <AM+

diam(2)

t o 0

> - HH(00) +

W A= Almma <, IDL@))

Intuitively, the uniform directional convexity of H yields a bound on the directional
derivatives of b(¢, -) in terms of div 4 (b(¢,)). Indeed, the main idea in the proof of Theorem
is to achieve an upper bound on the quotient |D,b(t,-)|/|div zb(¢,-)| for a suitable
sequence of approximate solutions, which converges uniformly and monotonically to the
given solution. In turn, the approximations of b will converge (in the sense that their
graphs converge with respect to the Hausdorff distance). As a consequence of Theorem
the map S; : Lip(R?) — Lip(R9) is compact in Wlloi (R9) for every t > 0. Indeed, for

every m, M > 0, denote by
Uy = { @ € Lip(RY) : [a(0)] < m, Lip[a] < M},

the set S, (L{[m, M}) is compact in Wlloi (RY). From the BV bound in and a result
n [12], the e-entropy of the sets of slopes of optimal rays starting at time ¢ in Llloc(]Rd)
is of the order e~¢. By establishing a quantitative relation (depending on the nonlinear-
ity of H) between the Whl-distance of two solutions and the L!-distance of slopes of
two corresponding optimal rays, in Theorem we provide upper and lower estimates
of H. (St (U[mM]) ‘Wl’l (] — R,R[d)) for all ¢, R > 0 and ¢ > 0 sufficiently small. In

particular, if H(p) = |p|** for k > 1 then
He <5T (Uim, ) ‘Wl’l(] - RjR[d)) ~ gm(GRDd

In the last section, a counter-example is constructed to show that if H € C?(RY) is strictly
convex and coercive but does not satisfy ([1.3]) then both Du(¢,-) and b(t,-) fail to be in
BVjgc in general.



2 Notations and preliminaries

Given a positive integer d and a measurable set Q C R¢, throughout the paper we shall
denote by

| - |, the Euclidean norm in R? and for any R > 0

By(z,R) = {yeR’: |z —y| <R}, DO =]-RR[%

(-,-), the Euclidean inner product in R%;

0f), the boundary of ;

[z,y], the segment joining two points z,y € R?;

#5, the number of elements in any finite set .S;

Vol(D), the Lebesgue measure of a measurable set D C R?,

wq := Vol(B(0, 1)), the Lebesgue measure of the unit ball in RY,

L' (), the Lebesgue space of all (equivalence classes of) summable real valued func-
tions on (2, equipped with the usual norm || - [[1(q) (we shall use the same symbol
in case u is vector-valued);

L>°(Q), the space of all essentially bounded real valued functions functions on €2,
and by ||ul|e (o) the essential supremum of a function u € L>°(Q2) (we shall use the
same symbol in case u is vector-valued);

whi (Q), the Sobolev space of functions with summable first order distributional
derivatives, and by || - [lw1.1(q) its norm;

CY(Q), the space of continuously differentiable functions on ;

BV (Q,R™), the space of all vector-valued functions F' : Q — R™ of bounded varia-
tion (i.e., all F € L'(Q, R™) such that the first partial derivatives of F' in the sense
of distributions are measures with finite total variation in );

Lip(Q?), the space of all Lipschitz functions f : Q@ — R, and Lip[f] the Lipschitz
seminorm of f;

H*(E), the k-dimensional Hausdorff measure of E C R%;

For any function f, the function f|_ 0 is the restriction of f on (;

14, the identity matrix of size d;

la] := max{z € Z: z < a}, the integer part a;



2.1 Semiconcave and BV functions in R¢
2.1.1 Semiconcave functions

Let us recall here some basic definitions and properties of semiconcave (semiconvex) func-
tions in RY. We refer to [J] for a general introduction to the respective theories.

Definition 2.1 A continuous function u : @ — R is semiconcave if there exists a nonde-
creasing continuous function w : [0, co[— [0, co] with lir&w(s) = 0 such that
s—
w(z 4+ h) +u(z—h) —2u(z) < w(|h|) |k
for all x,h € R such that [x — h,z + h] C Q. We will say that

- u is semiconcave in Q with a semiconcavity constant K if w(s) = Ks for all s €
[0, +00];

- u is semiconvex (with constant -K ) if —u is semiconcave (with constant K);

- u s locally semiconcave (semiconver) if u is semiconcave (semiconvex) in every
compact set A C €.

For every z € Q with Q C R? open, the sets

Fule) = 4 i sup Y@ — u(@) — (p,y — 2)
Dtu(z) : {peR.ly%p o go}

and

D~ u(z) = {p € R?: lim inf uly) —u(@) = (py — @) > 0}

Y ly — |

are called the superdifferential and the subdifferential of v at x respectively. It is clear
that D*u(z) is convex and

D™ u(z) = — D (—u)(x) for all z € Q.

From [9] Proposition 3.3.4, Proposition 3.3.10], the superdifferential of a semiconcave
function enjoys the following properties:

Proposition 2.1 Let u: Q — R be locally semiconcave with Q C R? open convex. Then:

(i) The superdifferential D" u(x) is a compact, convexr, nonempty set for all x € €.
Moreover, the set-valued map x — DT u(z) is upper semicontinuous;

(i) D u(z) is a singleton if and only if u is differentiable at x;
(iii) If DY u(x) is a singleton for all x € Q, then u € CY(Q);
(iv) For every z,y € Q, it holds that

Py = pasy =) < w(lz—yl)- |y — 2|

for all p, € DYu(z) and py € DT u(y).



As a consequence of (ii)-(iii) if u is both locally semiconcave and locally semiconvex then
u is in C*(Q). This is crucial to prove a further regularity for viscosity solutions in
Proposition which allows us to construct a backward smooth solutions of . From
(iv), one immediately gets:

Corollary 2.2 If u: Q — R is semiconvex with constant —K then for every x,y € (2, it
holds

(py =Py —a) > —K-|y—af
for all p, € D~ u(x) and p, € D™ u(y).

For any given constants r, K > 0, we denote by
SCh k) = {v € Lip(R%) : Lip[v] < 7 and v is semiconcave with constant K} (2.1)

From the proof of [3, Proposition 10], one obtains an lower bound on the e-entropy for
the set {DULD : SCy, K]} in L' () which will be used to establish a lower estimate on
R
the e-entropy of a set of viscosity solutions in subsection

Corollary 2.3 Given any r, R, K > 0, for every

. wq - R4
0 < ¢ < mln{T,K}-W,
there exists a subset Q[IEK] of SCy k1 such that
d+1\ ¢
R B —d . o 1 ) KLL}dR
#prr) = 2T with — Birr) = 3d9d®+4d+3 1 9 ( d+1)

and

— > R
HDU‘—DR Dw\_DR Ll([]R) > 2 for allv#w € Q[nK]

2.1.2 Functions of bounded total variations

Let us now introduce the concept of functions of bounded variation. We refer to [2] for a
comprehensive analysis.

Definition 2.4 The function u € L'(Q) is a function of bounded variation on Q C R?,
denoted by BV (Q,R™), if the distributional derivative of u, denote by Du, is an m X d
matriz of finite measures D;u® in Q0 satisfying

m m d
Z/ udive® doe = — ZZ/ e¥dDyu®  for all p € [Cg(Q,Rd)}m,i e{1,...,d}.
a=1"79 =179

a=11i=

We denote by |Dul| the total variation of Du, i.e.,
Dul(©) = sup {Z / udivp s p € [CHORY] " gl < 1} .
a=1 Q
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We recall a Poincaré-type inequality for bounded total variation functions on convex do-
mains that will be used in the paper. This result is based on [I, Theorem 3.2].

Theorem 2.5 (Poincaré inequality) Let Q@ C R™ be an open, bounded, convex set with
Lipschitz boundary. For any v € BV (2,R), it holds

/Q‘u(x) —uQ| dr < diar;l(Q) - | Du|(R2)

where

s the mean value of u over €.

To complete this subsection, let us recall a result on the metric entropy for a class of
functions with bounded total variation which will be used in subsection For any given
constants R, M,V > 0, we consider a of uniformly bounded total variation functions on
Ur

P = {7002 B[ Iflo o) <M DAGD < V] @2

By a slightly modification in the proof of [I12, Theorem 1], one can obtain the following
upper bound of the e-entropy of Fg a7,y in L! (Og).

Corollary 2.6 For every 0 < € < min {1, 4RV, 4VM_1/d}, it holds

d
12V/dRV
M. (]-'[R,My] ’Ll(DR)) < 48d- <6> . (2.3)
Proof. By the definition of the e-entropy, we have
He (Firay | L'On) < d-He (Flrarry | L' Ow) (2.4)

with
Py = {700 R | Ul ) < MIDAGR) <V -

Consider a class of bounded total variation real valued functions
Bigav) = {g9:[0,R] —[0,M] | [Dg|([0,R]) <V} .

From [12, Lemma 2.3], for every 0 < ¢ < %, one has

17TRV
€

M(B[R,Q/SV,V}‘LI([O?RD) < 2

and this implies that

8M _itrv

N (B [E0.B)) < 500 Az (Biggvm[U (0. 7)) < 572



2

n particular, 1or every £ suc a 1 oldas
9 3‘7 7‘ r ‘7 — Y

18RV

He (Bunary[LH0.B)) = logy (N (Brar[LH(0.R))) < ——.

Using the above estimate, one can following the same argument in the proof of [12, The-
orem 1] to obtain that for every 0 < & < min {1, 4RV, 4VM*1/d}, it holds

3

He (Flaar) | L'On)) < 48 <W>d

and ([2.4) yields (2.3]). O

2.2 Semigroup of Hamilton-Jacobi equation

Consider the Hamilton-Jacobi equation (|1.1]) with coercive and strictly convex Hamiltonian

H

H € CY(RY), ie., lim Hlp) = + o0 and
[pl=o0  |p|

H(tp+ (1—1t)q) < t-H(p)+ (1 —1t)H(q) for allt€]0,1],p,q € R,

and satisfying the additional condition (|1.3)). Moreover, without loss of generality, we shall
assume that the Hamiltonian satisfies further conditions

HO) =0 and  DH(0) = 0, (2.5)

otherwise the transformations z — x 4+ tDH(0), u(t,-) — u(t,x) +t- H(0) and H(p) —
H(p) — (DH(0), p) reduce the general case to this one.

Remark 2.7 If H € C*(RY) satisfies
D?’H(p) = |D?H(p)|-A(p)  with  A(p) > A1y (2.6)
for some A > 0 then H satisfies .

Proof. For any p # q € R?, by mean value theorem, it holds that

DH(p) — DH(q) = /OlDHQ(thr (L=t)q) - (p—q)dt

1
- [/0 A(tp+ (1 —t)q)|D*H(tp+ (1 — t)q)|dt| - (p — q)

and
1
IDH(p) — DH(q)| < |p—d|- /0 IDHE2(tp + (1 - t)g)|dt.



Thus, using , we estimate
1
(DH(p) = DH(q).p—q) = /0 (0= )" Altp + (1= D)) (p — )| - [D2H (tp + (1 — t)q)|dt

> A-\p—qlz/o |D*H(tp+ (1 —t)q)|dt
= A-|DH(p) — DH(q)| - |p — |

and this implies (|1.3)). O

It is well-known that classical smooth solutions of in general break down and
Lipschitz continuous functions that satisfy almost everywhere together with a given
initial condition are not unique. To handle this problem, the following concept of a
generalized solution was introduced in [10] to guarantee global existence and uniqueness
results.

Definition 2.8 (Viscosity solution) We say that a continuous function u : [0,T] x R? is

a viscosity solution of (L.1|) if:

(1) u is a viscosity subsolution of (L.1), i.e., for every point (to,z0) €]0,T[xR? and
test function v € C* (]O, +oo[><Rd) such that u — v has a local mazimum at (tg, zg),
it holds that

v (to, wo) + H (Dyv(to, z0)) <0,

(2) w is a viscosity supersolution of , i.e., for every point (tg,zo) €0, T[ xR and
test function v € C1(]0, +00[xR?) such that u — v has a local minimum at (to, xo),
it holds that

ve(to, xo) + H(va(to,azo)) >0.

By the alternative equivalent definition of viscosity solution expressed in terms of the
sub- and superdifferential of the function (see [10]), and because of Proposition one
immediately sees that every C! solution of (1.1)) is also a viscosity solution of . On the
other hand, if u is a viscosity solution of then u satisfies the equation at every point
of differentiability. Let us state a result on further regularity for viscosity solutions (see in
[3, Proposition 3]) which says that smoothness in the pair (¢, z) follows from smoothness
in the second variable.

Proposition 2.2 Let u be a viscosity solution of in [0,T] x RE. If u(t,-) is both
locally semiconcave and semiconver in R for all t €]0,T)] then u is a C solution of
in]0,T] x R.

The viscosity solution of the Hamilton-Jacobi equation (I.1) with initial data u(0,-) =
ug € Lip(R™) can be represented as the value function of a classical problem in calculus
of variation, which admits the Hopf-Lax representation formula

u(t,z) = ;relIlRI}L {t : L(xt;y> + uo(y)}. t>0, reR?, (2.7)



where L € C'(R?) denotes the Legendre transform of H, defined by
L(q) :=max{p-q— H(p)} q € RY. (2.8)
pER?

The main properties of viscosity solutions defined by the Hopf-Lax formula, which are of
interest to this paper are recalled below (cfr. [9, Section 1.1, Section 6.4]).

Proposition 2.3 Let u be the viscosity solution of (1.1)) on [0, +oo[ xRZ, with continuous
initial data ug, defined by (2.7). Then the followings hold true:

(i) Functional identity: For all x € R? and 0 < s < t, it holds that

u(t,x) = min {u(s,y) + (t—s)- L(aj —y)}.

yERN t—s

(11) Differentiability of u and uniqueness: (2.7) admits a unique minimizer y, if
and only if u(t,-) is differentiable at x. In this case we have

Yo = x—t- DH(Dyu(t,z)) and Dyu(t,z) € D™ up(ys)-

(iii) Dynamic programming principle: Let t > s > 0, x € R?, assume that y is a
mianimizer for (2.7)), and define z = ;r—i— (1 — i) y. Then y is the unique minimizer

t
over R of
Z—w

w»—>s-L( )—i—uo(w) for all w € RY,

As a consequence, the family of nonlinear operators
Sy : Lip(R?) — Lip(R%), ug — Spug, t =0,
defined by

Stup(z) = mingcpa {t : L(w ; y) + uo(y)} t>0, reRe
(2.9)
Soup(z) = u(zx) r € RY,
enjoys the following properties:

(i) For every ug € Lip(R?), u(t, ) := Syup(x) provides the unique viscosity solution of
the Cauchy problem (1.1)) with initial data w(0,-) = uo.

(ii) (Semigroup property)
Strsug = St Ssug, for all t,s >0, for all ug € Lip(Rd).
(iii) (Translation) For every constant ¢ € R we have that

St(ug + ¢) = Spup + ¢, for all ug € Lip(R?), for all t > 0. (2.10)

(iv) The map S is continuous on sets of functions with uniform Lipschitz constant w.r.t
Wll(;i—topology, i.e., for every u, € Lip(R?) with a Lipschitz constant M such that

u, — u in WEH(RY),

we have that S;(uy) also converges to Sy(u) in Wi (R%).

loc
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3 BV bound on b(t,-)

In this section, we shall establish a BV bound on b(¢, -) stated in Theorem (1.2 for a given
t > 0. Here, we recall that

b(t,z) = {xt_y;u(t,m) =uo(y) +t-L <x;y>} for all z € RY,

and ug is a Lipschitz function with a Lipschitz constant M. For any n > 1, set

27n+1

Zn = \/& .Zd = {y17y21-..,yk,...}7

we approximate the solution u by a monotone decreasing sequence of continuous function
Uy, :]0, +0o[xR? — R defined by

up(t,x) = ;ggi {(1 —epn)-uo(y)+t-L <xty>} (3.1)
with
o = iy s, ) A= (] o) < Ml 52)

Let Cf!, be the set of optimal points y € Z,, such that (3.1) holds, i.e.,

: T —y
cl, = 1—¢p)- t-L ,
te = argmin {( en) - uo(y) + < ; > }
we define the multivalued-function by, :]0, 00[xR% — R? by

b,(t,z) = {Jit—y Ty € Cgm} for all (t,z) €]0, co[xR% (3.3)

1. For any » € R? and y? € C{'y it holds

up(t,2') —up(t,z) < t- [L <x_tyn> - <x_tyn>]

DI (‘T_tyn> (@ —2) + Ol — a|)

IN

for all 2/ € R?. In particular, we have

b, (t,z) C DH(D+un(t,x))
and the set of points where by, (¢, ) is not singleton,

5S¢ = {x | #bn(t,z) > 2},

is H"~l-rectifiable. Moreover, {b,(t,-)},>1 is a bounded sequence in [L>°(R%)]%. Indeed,
for any (z,y?) € R? x C',, one has that {b,(,-)}»>1 is a bounded sequence in [L>°(R%)]<.

t,x

11



Indeed, for any given (z,y)) € R? x Ci'y, let T € Z, be the closet point to = such that
|z — Z| <27". Using the Lipschitz estimate on ug, we obtain

L <"’3_t?/g> < 1o '(UO(x)—“O(yg))+L($_j>

t t
l—ey) M —z
< (gtn)-(|:c—y;‘\+2")+L<xt$)
T — Yy
< (I—ep) M- |——5|+ max [M|q|+ L(q)].
¢ lgl<2 =

Thus, (3.2) implies that
L (by(t,x)) = M- |bu(t,z)| < en- M- (Ay — [bn(t,z)])

and this yields
[ballLee@ey < Am for all n > 1. (3.4)

On the other hand, let z, € Z, be the closet point to y, € C; , such that |z, —y,| <27
Since |z — yz|/t < Apr, we estimate

YyEZ, t

(1—ep) - uo(zz) — uo(ya) +t- [L <£L’—tzx> —k (“" _ym)]

t

lun(t,2) —u(t, )] = min{(1—5n).uo(y)+t_L($;y>}_UO(yx)_t'L<ﬂs—yx>

IN

IN

(1—ep) - M+ sup IDL(Q)| | - 27" +en - |uo(yz)]
lgl<An+237

< M + sup IDL(q)| | -27" + (Juo(0)| + M|x| + MApst) - €.
lgl<An+27

In particular, u,(t,-) converges uniformly to u(t,-) in any compact subset of R?.

2. Fixing n € Z™, for any i # j > 1, the set

ol = {gg ERT: (1—en)ug(ys) +1- L (”’ v yz’) < (= enjuoyy) +¢- L (ﬁ%ﬂ

is an open subset of R? with C''-boundary

T —Y; T —
Fij:{xeRd:<1—en>uo<yn+t-L( ﬂ’):u_gn)uo(yj)H.L(t%)}.
Set V! := U#i (’);j. From 1) and 1) it holds

b, (t,x) = a _t i for all z € V}. (3.5)

12



In particular, b, (¢, ) is in BVj.(R%) with

p(2)

_ Li .4 d—1
and
d p(2)
. d d—1
divb(t,) = - L7+ > (bt Vv HE L
i=1
where v; is the inner normal vector to Vf.
Proposition 3.1 For every t > 0, it holds
1 diam(€) _ Vid
Dbt @) < (balt Mo + S5 ) o) + Y ol @9
YM t t
for every open and bounded set Q C R of finite perimeter.
Proof. 1. We first rewrite
Db (t-)—I—d-’H‘iJri- Yoo wi—w)evHE!
My 2 Yi — Y anevt nevt
Z#]e{lv 7p(Q)}
and p .
i — 2 .yd . a1 d—1
divb,(t,) = 5 H 4 o > i) H ot v (3.7)
Z#]E{L ,p(Q)}
with

_ DL(7*) - DL(%")
- |pr(=) - L

for H¥™t a.e. x € Qﬂm/f ﬂ@V;.

vi(x)

In particular, this implies

I
‘Dbn(t, ) — f

@<= Y youl-H @OV (38)

2t
Z#]e{lv'" 7p(9)}

For a fixed z € QM OV} N9V}, set p; := DL (*5%) and p; := DL (x;yj>, we have

_ Pj — Pi
Ipj — pil

From (3.4)), it holds that [p;| < max|g<ya,, [DL(q)|- Thus, the assumption (1.3 and (1.5)
yield

vi(x) and yi —vi = DH(p;) — DH(p;).

1
lyi — yj\ < - ’YiM : <3/j — Y, vi()) . (3.9)
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Recalling (3.7) and ( ., we get

Db, (1)~

— . |divba(t, ) — ‘ Q). (3.10)

d
2. Let us now provide a bound on 'div b, (t, ) — t‘ (Q). Pick a point zy € Q, from 1 ,

1} and 1} the function d, (¢, z) := v

. 1 _
ledn(t,-) = ?t Z <yi—yj,ui>7-[d !

o tanovinovt

20 b, (t,2) is in BVie(RY) and

is a positive Radon measure. In particular, this implies that
divd, (. )1(@) = [ divda(t,).

Let p. € C°(R?) be a family of modifiers, i.e., p.(z) = ( ) for p € C2°(R?) satisfying

p(x) > 0, p(x) = p(—z), supp(p) C By(0,1) and / p(z)dz = 1. For every test function
Rd
e = XQ * pe, it holds that

/ pedivda(t,) = — / do(t,2) - Ve()de < dn(t,)]lpoeae - / Ve (a)|d.
Rd Rd Rd

Thus, taking € — 0+, we get

/Q divdn(t,) < [ldn(t, )l e - HO(09),

and (3.10)) yields
1 diam(9) Vd
Dba(t, (@) < - (nbn@, Yoo ra) + ) a0y + Y4 jq)
YM t t
The proof is complete. |

Using Proposition one can easily prove Theorem

Proof of Theorem We first claim that by, (%, -) converges to b(t,-) in L . Since the
sequence by, (t,-) is bounded in [L>°(R%)]? and the set (Un21 Y Et) has zero Lebesgue
measure, it is sufficient to show that

lim by(t,z) = b(t,x) forallz e RN [ | J =7 )%

n—00
n>1

14



Assume by a contradiction that there exists a subsequence by, (¢,2) converging to some
w # b(t,r). Since uy,(t,-) converges uniformly to u(t,-) in any compact subset of R, we
have

u(t,z) = lim wuy, (t,x) = lim wo(x —tby, (t,z)) +t- L(by,,(t,x))

N —00 N —00
x— (x — tw))

= wp(x — tw) +t - L(w) :u0($—tw)+t-L< ;

Thus, b(¢,z) is not singleton and this yields a contradiction. Finally, from (3.6 and
[2, Proposition 3.13], the function by, (,-) converges weakly to b(t,-) in BV (Q,R%). In

particular, b(¢,-) has locally bounded variation and

IDb(t, )|(Q) < liminf|[Dby(t,-)|()

n—00
< L (it t lee + ) et o)+ 4,
To conclude the proof, we recall , which yields . L]
As a consequence of Theorem the following holds:
Corollary 3.1 Under the same assumption in Theorem[I.3, the set
St (Upman) = {97(a) : & € Uy an
with
U = {u € Lip(R?) : a(0)] < m, Lip[a] < M} (3.11)

is compact in Wllc;i (RY) for every T > 0.

Proof. Let (un)n>1 € Ujm,ar) be a sequence of initial data. Set
vn(x) = Sp(uy)(z) for all z € R4 n > 1,

we have
|DH(Duvy)|le < Ap and v (0)] < m+ MTAy,.

Moreover, for any given R > 0, Theorem [1.2] implies that
|D(DH(Dvy,))|(B(0,R)) < Cgr for some constant Cr > 0.

Thanks to Helly’s theorem, there exist a subsequence (v, )r>1 and w € BVipe (R, R%)
such that

e vy, (0) converges to some 7 € R;

e DH(Duwy, ) converges to w point-wise and

lim [ DH(Dun,) = wlias,0m) = 0-

15



This implies that Dv,, = DL(DH(Dwvy,,)) converges to DL(w) point-wise and
lim HD’Unk — DL(w>HL1(Bd(O,R)) = 0.

ng——+00

Thus, denoting by

_ 1 /

R

v = . U, (z)dx
¥ |Ba(0, R)| JBy0,m)

the average value of vy, in By(0, R), we have

lim (ﬁfk—vnk(())) = lim 0.7 / / Doy, (sx)(x)dzds
B4(0,R)

ng—>00 N —>00 |Bd

= =0 w(sz))(x)dzds = o
B ‘Bd(OaR)’ /O/Bd(mR)DL( (s2))(@)dzd

and this yields lim,, T)fk = 7o + 0*. On the other hand, by the Poincaré inequality, it
holds that

([ 6om. ~ 582) = o, = 5)

Therefore, the sequence (vy, ),~, is a Cauchy sequence in W!(By(0, R)) for every R > 0
and thus converges to v in Wll(;i (]Rd). L]

< R-|Du, — Doy

Ll(Bd(Oﬁ))) Lt (Ba(o,R))

4 Metric entropy in W!! for Sy

Assuming that H is in C%(R?), we shall establish upper and lower estimates for the metric
entropy of

Sﬁ(u[m,M]) = {ULDR cvEST (U[m’M])}

in WH1(Og) for given constants T, R,m, M > 0. In order to do so, let us introduce the
following continuous functions:

o Wy :[0,M] — [0,00[ with ¥(0) =0 and

DH(p) — DH
Upr(s) = s- min_ [DH(p) (@) for all s €]0, M]; (4.1)
lp—q|>s,p,g€B4(0,M) lp—q

o Oy : [0, M] — [0, 00[ with ®(0) = 0 and

Dr(s) = s- min ( max

B ot H(g)|| | foral0o<s<M (4.2)
peB4(0,M—3%) \¢€Ba(p,3)

with || D2H(q)]| . _‘rﬁ%w?H q)(v)|.
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Notice that both maps s — Wjs(s) and s +— ®ps(s) are strictly increasing, and the strictly
convex property of H implies that

0 < Up(s) < Puy(s) < M- max ||D*H(p)||, for all s €]0, M].
peB4(0,M)

From Theorem for any v € SY@(Z/{[m, M]), it holds that

|DH(Dv)| (Or) < Vp and [Vl Loe ey < mr (4.3)
with
Vp = d2i]jjl : <AM + 2?R> + \/giled
mr = m+VAMR+T- sup L(q).

lg|<Ans

Our main result is stated as follows.

Theorem 4.1 Assume that H € C? (Rd) is strictly convex, coercive, and satisfies .
_ A

Then, for every 0 < € < min {R+\IIJT/[1 (min {2, 8VrR, 8VTAMl/d}) SR - CIJZT/[I <21\7{> , it

holds

logy ({iJ) +I - (‘I’M (%))_d < H. (Sig(u[m,M]) ‘ wh! (DR))

o () - (o () 0

where the constants BT, RT and T'F are explicitly computed to be

IN

d
- _ odpd + d+1 pd _  wq R
1 SR\ ¢ d
+ d pd - _ ( SAM + - .
R = (2R +1) (B+VdR), I = — < - ) , It = 48d (24\/21RVT) .

Before proving Theorem in the next two subsections, we present some cases where
the estimates in (4.4) are sharp.

Remark 4.2 The following Hamiltonian
H(p) = |p|** for some postive integer k > 2

is not uniformly convex but satisfies all assumptions in Theorem Moreover, a direct
computation yields

a5l < Wp(s) < Pas(s) < agsHFl for all s € [0, M]
for some constants «aq, s > 0 depending on k, and

He (S:,@(L{[WM]) ’ whi Or)) =~ g~ (Zh=1)d
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Remark 4.3 If H € C?(R%) is uniformly convex then
ars < Up(s) < Pp(s) < ags for some 0 < ag < g,
and yields the same result in [3] that
He (SEUpmn) | WHH(OR)) ~ e

Remark 4.4 For the one dimensional case (d = 1), every strictly convex H € C?(R)
satisfies . In addition, assume that H has polynomial degeneracy, i.e., the set Iy =
{w € R: H"(w) = 0} # & is finite and for each w € Iy, there exists a natural number
P > 2 such that

HPHD() £ 0 and  HY(w) = 0 forall je2p.
The polynomial degeneracy of H is defined by

PH = Puy = maxp, forsomewy € Iy.
wely

For every M > wpy, there exist 0 < a1 < a9 such that
ap - sPH < Wp(s) < Pp(s) < ag-sPH

and implies that
He (ST Upnan) | WH (Og)) ~ e P

4.1 Upper estimate

Towards the upper estimate of H. (SQE(Z/{[WM}) ‘ WH1(Og)) in 1D we first provide a
bound on the Ll-distance between elements Du; and Dus in term of the L!-distance
between DH(Dui) and DH(Dusy) for every uj, us € S:,E(U[WMQ by using the function ¥

War(s)

defined in 1) Observing that the map s +— is monotone increasing, and

Ur(lp—ql) < [DH(p) — DH(q)| for all p,q € B4(0, M), (4.5)

we prove the following lemma.
Lemma 4.5 For any ui,us € SQE(Z/{[WM], it holds that
||Du1 — DUQHL1 (DR) < <2de + 1) . \IJJT; <||b1 — bQ”L1 (DR)> (46)

with by := DH(Duy) and by := DH(Dus).

Proof. For simplicity, setting

B o= Uy <||b1 - b2HL1(DR)> ;

18



we claim that

b1 (x) — ba(z)]
by — b2HL1([]R)

|Duy(z) — Dug(z)| < B -max< 1, for a.e. z € Upg. (4.7)

Indeed, assume that |Duj(x) — Dug(x)| > . From (4.5)), it holds

| Dui () — Dus(2))

!DH(Dull(x)) — DHQ( Dus(2)] by (z) — ba(z)]
|Dui () — Dus(x)|

m(|Duy(x) — Dus(x)|)

|Duy(z) — Dug(x)] =

< - [b1(x) — ba(x)].

v
By the monotone increasing property of the map s —— M (S), one has
s
bi(x) — ba(zx
|Duy(x) — Dug(z)] < %‘|b1(l’)—b2(:ﬁ)| — 8. b1 (z) 2()| '
U (B)] by —ball,
L ()

and this implies (4.7)). Therefore, the L!-distance between Du; and Dus is bounded by

|Duy — Du2|| L (0s) / |Duy — Dug(x)|dx

L _[P1(z) = ba(z)] _ lodpd
=0 / b1 — bQH (= )dw-(2R+1)5

= (2R + 1) v} <||b1 - b2|L1(DR)> (4.8)
and this yields (4.6)). O
Proof of the upper estimate of H. (SIE(Z/{[WM]) } W1 (Og)) in 1}

1. Recalling the second inequality in (4.3]), one has

s [ ko) i € ) o€ 8 )

For any ¢’ > 0, we cover [—mqp, mp| by Ko = LI/mT

| T 1 small intervals with length
M (&)

20 (e, ie.,
[-mp,mr] C U B(ai, ‘I/]T;(EI)) for some a; € [—mp, mr),
i=1

and then decompose the set Sf? (Z/{[m M]) into K. subsets as follows:
ST Uim.an) U SE (Upm.an)
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with
S?’Z(Z/I[m’M]) = {U S Srlj?’z (Z/{[m,M]) . ER S B (CLi, ‘1’1741(8/))} .
Thus, for all € > 0, it holds

K
N (S Upan) [WHOR)) < SON (SP Upnag) [WH(OR)) - (49)
i=1

2. Given i € {1,2,..., K.}, we shall provide an upper bound on the covering number
Nz (Sﬁ’i (Upn,an) ’Wl’l (DR)> by introducing the following set

B?’i (U[mJ\/[}) = {DH(DU) RS Sﬁ’Z(U[mJ/[})} .
From and , one has

Brﬁ’i (u[m,M}) C FIR A Vil

and Corollary [2.6] yields

= It () (4.10)

d
Xy i 24v/dRV:
/2 (B?’ (U[m,M}) ‘Ll (DR)) < 48d - <€/T>

for all 0 < ¢/ < min {2,8VTR,8VTA]T41/ d} sufficiently small. Hence, there exists a set of
initial data Z/l[iln M] with its image under the map St defined by

é/ = {Vl, . ’vﬁf'} - Sﬁ’i (U[mM]) with Bf/ = #L{[i/n’M] < o)
such that the following inclusion holds
. IB%I
B Upnpn) € | Bui(bj)  with b = DH(Dvy).

j=1

In particular, for any given v € ijif(u[m, M]), it holds
|\DH(Dv) — bjO”Ll(DR) < ¢ for some jo € 1,3 .
Recalling Lemma |4.5] we obtain
|Dv — vaOHLl(DR) < <2de + 1) 0y} <||DH(DU) - bj0||L1(DR)>
< (2de + 1) UM,

and the Poincaré’s inequality yields

(v = o) = (vjo = Vi) HLl(DR) < \/gR'HDU—DVjollLl(DR) < VdR (Qde + 1)"1’1741(5')-

20



On the other hand, since v, v;, € Sﬁ’i(u[m,m), one has
[0 =l < |0 —as] + [VE —ai| < 205 (€).
The Whl-distance between v and v;, can be estimated by
v =Villwia@,y < 190 = DVillps ) + 10 =% = (v = ¥0) Il @)
+|of — 98| |OR| < (2de + 1) 3+ VdR) - U(e) = RT- 031 ().
Thus, for any given 0 < & < R*W;j (min {Q,SVTR, 8VTAX41/d}), if we choose ¢/ =

War (%) such that 0 < & < min{2,8VTR, 8VTAX41/d} then the set Sﬁ’i (L{[m’M]) is
covered by Bf/ open balls in W1 (DR) centered at v; of radius ¢, i.e.
85

Sﬁjz(u[m,M]) - U BWU (Vi76)7
=1

and thus

—d
, , r+.(wv £
N (S U an | W (CR)) < 87 = 2 (2 (7)) '
Finally, recalling , we get

(2011 R 4 2) (3 4+ VAR)mz '21“+. (sz (i))%

N (SF U 1| WH (OR)) - < . R+
—d
+ T+, (q; (i))
— ’87 .92 M RT
€
and this yields the second inequality in (4.4]). O

Remark 4.6 To obtain the upper bound of H. (S%(U[m,M}) ‘ WL(Og)) in , we only
require that H belongs to C'(R?).
4.2 Lower estimate

In this subsection, we will prove the first inequality in (4.4]). In order to do so, for any
given p € R%, let ®(-,p) : [0,00[— [0,00[ be the strictly increasing continuous function
defined by ®(0,p) = 0 and

D(s,p) = s- ( max HDQH(p’)HOO) for all s > 0.
p'€B4(p,3)

From the definition of ®; in (4.2)), it holds that

Op(s) =  min P(s,p) for all s € [0, M]. (4.11)
pGBd(O,Mfg)
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The following proposition shows that a solution to ((1.1)) with a semiconvex initial condition
preserves the semiconvexity on a given time interval, provided the semiconvexity constant
of the initial data is sufficiently small in absolute value.

Proposition 4.1 Given T,M,r > 0 and p € By (0, M — %), let u be a semiconvexr func-
tion with semiconvexity constant —K such that

o AT
- AT <I>(r,]§)

with Ay defined in (1.5). Then, the map (t,z) — Sy(a)(z) is a classical solution for
0<t<T and

D~ a(R%) C By (p, g) and

(4.12)

DS,(@)(z) € By (p, g) for all (t,z) €]0,T] x R
Proof. For simplicity, we set
u(t,x) = Sp(u)(x) for all (t,z) € [0, 0o[xRY.

It is well-known from [9, Theorem 5.3.8] that u(, -) is locally semiconcave for every ¢ > 0.
Thus, by Proposition it is sufficient to show that w(t,-) is semiconvex with some
semiconvexity constant —C' < 0 for all ¢t € [0,7T], i.e., for any fixed (¢,z) € [0, T[xRY, it
holds that

u(t,z + h) +u(t,z —h) — 2u(t,z) > —C-|h/* forall h € R (4.13)

By the Lipschitz continuity of u(t,-), we can assume that wu(t,-) is differentiable at x £ h.
In this case, b(t,z + h) reduce to a single value denoted by b* = DH(p*) with p* =
Du(t,z + h) and satisfy the following relations

pt € D a(z+h—tbt) C By (p, g) C Ba(0, M),
(4.14)
u(t,x £ h) = u(x+h—tbt)+t- L(bT).
Since % is semiconvex with semiconvexity constant —K, denoting z* := x £ h, one has
from Corollary [2.2] that
<p+ —p Lzt —a2” —t(b+ —b_)> > —-K- ‘2h—t(b+ —b_)‘2
and
_ _ K 2 . 2lh _
S S L IR N
8K|h|> 2|k
< 2Ktbt —b |2 + t‘ | +‘t‘ lp" —p7|
8K|h|*> 2|k
< akTIDH(pY) — DH(p )P + T 2 ey

Since p* € By(p, %), it holds

@(Ta ﬁ) +
r

|DH(p™) — DH(p™)| < -Ip
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Thus, recalling (4.12)) and (4.14)), we estimate

o(r, p)

2KT|DH(p")— DH(p™)|* < 2KT - -|DH(p")—DH(p7)|-[p* —p7|

AM _ _ AM _ _
< IDH(p")—DH(p™)|-p"—p | = = [b"=b7 |- |p"—p|

P 2
and

SKIh|? 2|k

- - A - - _
(p* —p7.b" —b7) < T bt —b7[[pT —p |+ -+ = pt - p| (415)

On the other hand, one deduces from (|1.3)) that

(p" —p~,b"=b") = (p"—p ,DH(p")-DH(p"))
> Ay - |DH(p")—DH(p7)|-|[p" —p|

= Ay [bT —b7[-[pT —p7],

and (4.15) yields

Au

5 [T =b7)[-pT —p7| < 8K|h|* + 2| - [p* — p7|. (4.16)

Two cases are considered:

o If [p™ — p7| < K|h| then

b*—b | = |DH(p")—DH(p )| < t_

K®(r,p)
.

d(r,p
(p)_|p
T

|hl.

e Otherwise, (4.16]) implies that

S R ]

Hence,

— 4.17
T )\M ( )

(bt —b)| < (

By the Hopf-Lax representation formula, we have

KT®(r,p) n 20 ) 1A

u(t,z+h) = a(z+h—tb*) +t- L(b¥)

bt 4+ b- bt 4+ b-
u(t,x) < 2a<m—t-;>+t-L<_g>.

and
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Using the convexity of L and semiconvexity of %, we estimate

2
bt + b~

2

> —8K|h* —2K|t(bT —b7)|?

KT®(r,p) 20\
4+<T(T’p)+0)]-\h|2

u(t,x+h) +ult,e — h) — 2ult,z) > t- [Mb*) T L(b7) —2L <b++b_ﬂ

+u(:c+h—tb+)+u(x—h—tb_)—2u(:p—t~

> —K-[2h—t(b*—b")[

> —2K-
= s

and this yields (4.13)). O
Relying the above Proposition and Lemma we prove the first inequality in (4.4)).
Proof of the lower estimate of H. (S:,E(Z/l[mM]) ‘ WH(Og)) in 1}

1. For any given r > 0 and p € R%, we denote by

. AM r
SCP = {cpzv—l—(p,-) IUESC[%KT]} with K, = T 3
where SC|z k) is defined in || From 1D there exists p, € B4(0, M — %) satisfying
O(r,pr) = Pu(r) = _min  B(r,p).
pGP(O,Mfg)

Consider the operator 7 : SCP" — Lip (Rd) defined by
T(p) = ¢+ Sr(p-)(0) with ¢_(z) =—p(—z) forall ¢ € SCP". (4.18)
We show that
T(SC) C Sr(Upag) with Uy ay defined in (3.11). (4.19)

In order to find an initial data for a given function ¢ € SCP", we only need to reverse the
equation. Since

@ # Dty(x) C By (0, g) for all z € RY,
the following function

wo() = =T(@)(=) = »-() = Sr(p-)(0)

is semiconvex with a semiconvexity constant — K, and
— r
D~ wo(z) = pr+DTp(—z) C By (pr, 5) for all z € R%.

Let w(t,x) = Si(wp)(x) be the unique viscosity solution of (1.1) with initial datum wy.

Recalling Proposition and property (ii) in Proposition we have that w is a C!
classical solution of (1.1)) in ]0,7] x R% and

Dyw(T,z) C By (pr,g> C By(0,M)  for all z € RL
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Moreover, the translation property (iii) of the semigroup S; (as defined by [2.10) implies
that

w(T,0) = St(wo)(0) = St (p- — Sr(p-)(0)) (0) = 0.
Thus, the continuous function u : [0,T] x R? — R, defined by

u(t,z) = —w(T —t,—x) for all (t,z) € [0,T] x R,
is also a C! classical solution of in 0, T[xR? with
u(T,) = T(p)() and w(0,)) = —w(T,—) € Upnm-

In particular, u(t, x) is a viscosity solution of (1.1)) in [0, 7] x R%, so that, by the uniqueness
property of the semigroup map S, one has

St(uo)() = T()(),  w() = —w(T,—)
and this implies T (¢)(-) € St (Up,a)-
2. For every € > 0, we select a finite subset A, C [—m,m] such that

2d Rdim,
€

#A, = { J and |a for all a; # a; € A.. (4.20)

S 2%
ol 2 g
From the transition property (iii) of the semigroup Si, it holds that

St Upman) 2 | Srle+Uonn) = Ac+ Sr(Upan),
ac€A.

and (4.19) implies that
St(Upman) 2 Ac+ T (SCEr). (4.21)

By Lemma there exists a subset G of SCP" such that

_d d+1 d
#gﬁ > Qﬁ[RvT] "€ with ﬁ[R,r] = L <wdR KT)

3d2d?+4d+31n2  \ (d+ 1)

and
> 2 for all ¢ # ¢ € G,

HD“OLDR Pl oy
provided that
wq Rd

. r
0 <e Smln{i,f(r} : W

(4.22)

Since DT (¢)(x) = Dp(x) for all x € R?, one gets

HDT(QD)LDR _ DT(¢)LDR > 2 for all ¢ # ¢ € gﬁ-

wit(Og)
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Recalling (4.20)), we have

and

Qde ,
He (SF Uy [ W (OR)) = logs (#4. - #GF) = 10g2Q E’”Dﬁmw

_ > Dr
fo, 9.0, wia(Cn) 2¢ forall f#ge€ A+ T (SC)

cd

wq - R%
(d—|— 1)2d+9’

d
LYY € - 94d=3 pd 15
B =R en ) ™ PR = S ey (a))

Finally, by choosing r = % with R~ = we compute

Thus, for every 0 <e < R~ - <I>]T41 (%) such that (4.22) holds, we get

H. (SQE(U[O,M})’WLl(DR)> > 81112 ) <81§;M)d_ ((IJM (%))d + log, ({2(1];de>

and this yields the first inequality in (4.4)). O

Remark 4.7 With the same argument, the lower bound of H. (Sqlf‘(bl[m,M]) ‘ whi (DR))
in can be obtained for H € CHY(R?) by defining

DH — DH
Dp(s) = s+ inf ( sup | (p1) (p2)|)
pEBd(O’M_%) P1#p2€B4(p,3) |p1 _p2|

for all s > 0.

5 A counter-example

In this section, we show that if the strictly convex and coercive Hamiltonian H € C?(R?)
does not satisfy the uniform directional convexity condition ((1.3) then Theorem fails
in general. Indeed, let us consider the following Hamiltonian

33
H(p) = 5;-pi+p;  forallp=(p,p) € R

The associated Lagrangian L of H is computed by

4
L(g) = |q|3 +q¢5  forall g = (q1,q2) € R”.

For any given ¢ = (71, ¢2) € R?, one has

L(q) = L(g—q) = a2+ @3 = o — @l + (2 — @)?
o 4/3 | 4/3 =
, = a1 — a1 ’ a1 @
QQQ 2
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Let 73 : R — R be such that

s—al - @

— for all s € R.
2q2

Va(s) =
In particular, assuming that g, = |G |*/® with |G| = & for some § > 0, it holds
75(0) = G, v7(@1) = 0,
and the following curve which connects two points (0, g2) and (g, 0)

{(5,74(s)) : s €[0,8]} < [0,0] x [0,6%3] if gg=0>0
r, = (5.1)
{(s,74(5)) : s € [=4,0]} C [=4,0] x [0,6%/3] if g1 =-6<0

has a length > §2/3. From this observation, we shall construct a uniformly Lipschitz
initial datum @ such that both Du(1,-) and b(1,:) = DH(Du(1,-)) does not have a
locally bounded variation where u = Sy(u) is the solution of with «(0,-) = w. Our
construction is divided into two main steps.

1. Given 0 < £ < 1, we first construct a uniformly Lipschitz function 4 : R? — [0, 00) with
a Lipschitz constant which does not depend on ¢ such that

supp(a) C [-2¢,2¢] and |b(1,-)|([~4,€]?), | Du(1,)|([-¢, 0% > 1 (5.2)

where
u(t,-) = Si(u) for all ¢t > 0.

For every 0 < § < £, we consider the periodic lattice
Y = (Llé, L2(52/3) with ¢ € Zy 1= {(1],15) € 7%+ e 27},
and the corresponding regions

Q = {zeR*: Lz —y) < Llx—ys) foralld #.}
= y+{qeR*: L(q) < L(qg+y, —ys) forall #.}
C u+ [_5’ 5] X [_52/37 5_2/3}

with
09 = g+ Te ) U ey + T ] ey + Tg- ], @ = (£0,6%).
This correspond to the function
g1(x) = L(x—vy,) forallze Qe 2.
The dual solution is

go(y) = Hé?é {91 () — L(z — y)} for all y € R2
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By the definition of €2,, both gg and ¢; are Lipschitz with a Lipschitz constant

Ms = sup IDL(q)| = O(s3).
qE€[—6,8]x[—62/3,5—2/3]

For 0 > 0 sufficiently small, one can construct a Lipschitz initial data @ with a Lipschitz
constant My and
} _ 3¢ 3017
supp(a) € [-26,24],  a(y) = goly) forallye |-, -1 .
Let u(t,-) = Si(u) be the solution. At time ¢t = 1, we have

u<17x) = ;Ielﬁ{%{ﬁ(y)"’_[’(x_y)} = a(yx)"i_[’(x_y:c)

for some y, € B(z, Ays) with Ay, = max{|q| : L(g) < Ms - |q|} = O(6'/3) being the
maximal characteristic speed. Thus, if Mg < g then for all x € [£,£]> N, 1 € 23,

u(l,z) = {H;iense]z {u(y) + Lz —y)} = H;igngef {90(y) + L(z —y)}
€27 YeE[— 5%

= min{go(y) + Lz ~y)} = g(z) = Lz —y)

and the slope of backward optimal rays through (1, z) is
b(l,z) = DH(Du(l,z)) = = —y,.
For any two adjacent y,,y, with Q,,Q, C [-£,£]? and = € 9Q, N I8/, we compute

Du(l,z) = [DL(x —vy,) — DL(x —y,)] ® n(x)H]

LaQLOGQL,

Db(l,l’)) = (yL _yb’) ®l’l(l’)7‘[1

L992,N0%Q, :
and this implies

|Db(1a')|(QLUQL/)7‘Du(la'”(QLUQL’) > 52/3'H1(89Lm89ﬂ) > 54/3-

2
Since the number of open regions §, C [/, £]? is the order of 55727 we have
2 2 & 4/3 &

for some constant C' > 0. Thus, choosing § > 0 sufficiently small, we obtain (5.2)).

2. Let’s consider a sequence of disjoint squares [J,, = ¢, + [0,27"] x [0,27"] such that

U O < (0,12,

n>1
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From the previous step, for any n > 1 one can construct a sequence of Lipschitz functions
Up : R?2 — [0,00) and supp(a,) C [, such that the solution u, of (I.1)) with initial data
U, satisfies

\Dun(1, )] (cn + 1o, - cn)> DH(Dun(1,-))| (cn + % (O, — cn)> > 1,

2

and

L(z —2) > min {u,(y) + L(x —y)} forallz e (cn + % (O, - cn)> .z € R:\O,.

yEDn

oo
Set u = Z ug,n- The solution u of ([1.1)) with initial data u satisfies

n=1
1
u(l,z) = up(l,z) forall z € <cn + 3 @, — cn)> ,

and this implies

n=1 n=1
Similarly, one has that |Du(1,-)|(]0,1]?) = +oo. |
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